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Abstract. Let G be a connected real semisimple Lie group with finite center and 6 be a
Cartan involution of G. Suppose that K is the maximal compact subgroup of G
corresponding to the Cartan involution 6. The coset space X =G /K is then a Riemannian
symmetric space. In this paper, by choosing reduced root system
Y ={aeX|2a ¢Z%;al2¢%} instead of restricted root system X and using the action of

the Weyl group, first we construct a compact real analytic manifold X in which the
Riemannian symmetric space G/K is realized as an open subset and that G acts
analytically on it; then, we consider the real analytic structure of X induced from the real

analytic structure of Ar, the compactification of the corresponding vectorial part.
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1 Introduction

Let G be a connected real semisimple Lie group with finite center and g be the Lie algebra of

G . Denote the Cartan involution of G by #and K the fixed points of 8. Then, K is a maximal
compact subgroup of G, and the coset space X=G/K becomes a Riemannian symmetric
space. We also denote by @ the Cartan involution of g, corresponding to the Cartan involution

0 of G. It follows that g=£+p is the Cartan decomposition of g into eigenspaces of &, where
t is the Lie algebra of K.

Let a be a maximal abelian subspace in p and a  be the dual space of a. The
corresponding analytic subgroup A of a in G is, then, called the vectorial part of X. For a non
Zero ¢ €4 , NOn Zero eigenspace

g, ={Y eg|[H,Y]=a(H)Y,VH ea}
is called the root space, and the corresponding «a's the restricted root. Then, the set
L={aea’|g, #{0},a = 0} defines a root system with the inner product induced by the Killing
form <,> of g. Moreover, Weyl group W of ¥ is defined with normalizer N, (a) of a in K
modulo the centralizer M =Z, (a) of a in K. It acts naturally on a and coincides via this
action with the reflection group of the root system X.
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Choose a fundamental system A={¢,,...,o; } of Z, where number |, which equals dim

a, is called the split rank of the symmetric space X and denote the corresponding set of all
restricted positive roots in = by X7

Denote the complexification of gby g.and G. the corresponding analytic group. Let a.
be the complexification of a and A. be the analytic subgroup of a. in G.. For each a < A, and

a X, we define a* =e”? ¢ C" = C\{0} and consider
Az ={aceA. |a” €IR,VaeZ}.
Let (C')* be the set of complexes z=(z,),,, where z,eC" and CIP' be the 1-
dimensional complex projective space. Then, we can define
A > (C) am g(@) = ("),
In [2], based on the natural embedding of (C’)* into (CIP')*, we obtained an embedding
of Ay into a compact real analytic manifold Ar which is called a compactification of Ay, and

then constructed a realization of G/K in a compact real analytic manifold. In [3] , we applied
the construction for semisimple symmetric spaces, and determined the system of invariant
differential operators on the corresponding compactifications [4].

In this paper, by choosing reduced root system X' ={a € X|2a ¢Z; % ¢ X} instead of X

and using the action of the Weyl group, first we construct a compact real analytic manifold X
in which the Riemannian symmetric space G/K is realized as an open subset and that G acts
analytically on it; then, we consider the real analytic structure of X induced from the real

analytic structure of Ar.

Our construction is a motivation for the construction of Oshima and Sekiguchi [7] for
affine symmetric spaces and it is similar to those in [6], [8], [9] for semisimple symmetric
spaces.

2 A compactification of the vectorial part

In this section, we recall some notations and results concerning compactification Ar of
vectorial part Ay constructed in [2] and then illustrate the construction via the case of
symmetric space SL(n, IR)/SO(n).

Let G be a connected real semisimple Lie group with a finite center and g be the Lie
algebra of G . Denote the complexification of gby g.and G, the corresponding analytic group.
For simplicity, we assume that G is a real form of complex Lie group G.. Let a. be the

complexification of a and A. be the analytic subgroup of a; in G.. Then, we can consider the
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map ¢:A. > (C)*, which is defined with ¢(a) =(a“),_,, Vae A., where (C)* is the set of

complexes z=(z,) .-

It follows that for every z =(z,),.; € ®(A.), we have
z,=(z,)"\Vaex (1)
z, = H(Zy)k("'”, VaeZ', a= Yk(a,y)y. (2)
yeA 7EA

Denote the 1-dimensional complex projective space by CIP*. Then, based on the natural
embedding of (C)* into (CIP')*, we get an embedding map of A. into (CIP*)* denoted also by
®.

Let M={ze(IRIP")" |z =2 VaeXl} By definition, we see that M is compact.
Moreover, subset

U, ={m=(m,m,)eM[m, elR,m, eIR"U{x} Vaex}

is an open subset in (IRIPY*, and we get homeomorphism Xy :Mf —IR* defined by
2. (m)y=(m,) ., vmell,.

Recall that W acts on M by (wz), = Z YaeX,weW,zeM, we obtain
)= W.(U, ), vw eW. Then, it follows from [2, Lemma 1.2] that pair (Z/If, ly) is a chart on

w(z"

M and {(Uw(y),;(

W(Z+))}W2W defines an atlas of charts on M such that M becomes a real

analytic submanifold.
Now, for each ae€ A. and a €%, we define a“ =e“** e C" = C\{0} and consider subset
Az ={aeA. |a”" €IR,VaeZ}.
By definition, ¢(Ag) is a subset of (IRIP')*. Denote the closure of ¢(Ag)in (IRIP')* by
Ar . It follows from (1) and (2) that Ar is a compact subset in M.

Let U, be the subset of Z/IE+ consisting of elements m=(m,_,m_,) such that

m = ]‘[(my)k(“'y), VaeX',a= Yk(ay)y.

7eA yeA

Then, U, is an open subset in Ar. It follows that

y 4 U,)={xe IRT |x, = H(Xy)k(a'y) }

yeA
and we get homeomorphism y, :U, —IR* defined by y,(m)=(m) ,, for all mel,.In

addition, we can define an atlas of charts on Ar induced from the atlas of charts that is defined
on M.
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Theorem 2.1 ([2, Theorem 1.4]) Ar is a compact real analytic manifold that is called a
compactification of Ag. The set of charts {(Uy, s+ Xu) Jtwew defines an atlas of charts on Awr so that the

manifold Awr is covered by |W |-many charts.

Example 2.2 Consider real semi-simple Lie group G = SL(n,IR) and denote g=sl(n,IR),

the corresponding Lie algebra of G. Suppose that ¢ is the Cartan involution defined by
O(X)=("X)*, ¥X €G and K =SO(n) is the maximal compact subgroup in G with respect to

6. Then, g = ¢ ®yp is the Cartan decomposition of g with respect to 8, where £ =so(n) is the Lie
algebra of K. Moreover, we have that G/K =SL(n,IR)/SO(n) is a Riemannian symmetric
space of non-compact type.
Then, we get a maximal abelian subspace in g defined by
0 .. 0
0% 0 |t +t,+..+t, =0}
00 ot

a -
By definition, root system ¥ of a in g is X ={¢ —¢;[1<i= j<n}, and the Weyl group
W is isomorphic to S,, where S, is the symmetric group of order n. Moreover, the

corresponding analytic subgroup in G of ais defined by

a 0 .. 0
A={% 2 - 0llaa a =1a >0}~ (00"
0 0 .. a
Then, we get
a 0 0
A= % % = %llaa,.a =1}~ (R
0 0 a

By definition, we have
M={ze(RIPY)* |z =2 Vael}
={(z,,2.)|z, € IP"(IR), y =" } ~ (IRIP")*".

n(n-1)
2

Moreover, U, ={m=(m,,m)eM|m, €IR,VaeX'} =~ IR*, where |Z*|= and

the corresponding homeomorphism y . :Ll2+ — IR is defined by

/,{2-'. (m) = (ma)a52+ 1 vm € u2+ "
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It follows that pair (Z/Iz+ , ;(Z+) is a chart on M, and {(?/lw(m, ))}WeW defines an atlas of

W(ZJr
charts on M such that compact manifold M is covered by n!-many charts. By definition, we
see that

U ={meMim_ = H(my)k(“"“), a=Yk(a,y)y,VaeZ}
yeA

yeA
2. U,)={xe IR* | x, = [T(x,)““” }~ IR* ~ IR"™,
yeA

Then, we get homeomorphism y, :U, — IR"" defined by
Za(M) = (M), 0, VM e U,

Hence, Ar ~ IR"" U{oc} ~ S"* is a compact real analytic manifold and set of charts

{Uysys Xua)tuew defines an atlas of charts on Ar so that manifold Ar is covered by n!-many

w

charts.

3  Arealization of Riemannian symmetric spaces

Consider subset Ar ={acAr|(@)" €[-1,1],Va € X} and recall that the Weyl group W acts on
Ar by (wa), =(&) , ,VweW,vaecAr. Note that A; acts naturally on Ar. Then, by

definition, for each &e Ar, there existte[-1,1]* and a e A, such that 4=a.sgnt and this
decomposition is unique. Here, sgnt =(sgnt,), ., and for an s in IR, we define sgns =1 (resp.

0,-1)if s>0 (resp. s=0,5<0).

yeA

Now, for each de Ar, there exists weW such that ée?/lw(z =w.(U.). By choosing a

)
suitable positive system X*, we obtain W.Ar = Ar.

Based on this, for each d< Ar, we have unique decomposition & = &,,.¢(&), where
a,, € Ag and &£(8) € Ar such that (8)” e{-1,0,+1,00}, VyeA.

Motivation for the Oshima’s definition [5], (&) is called an extended signature of roots

with respect to element &.

Note that for & Ar, we obtain (&) e{-1,0,+1}" and for all @ €=, a = Yk(a, 7).y, we

yeA

have

£(8)" = [1(e(@) .

yeA

It follows that mapping ¢, of X to {-1,0,+1}is defined by
&2 —>{-1,0,+1}, a — £(a)"
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is an extended signature of roots that is defined in [7, Definition 2.1].

Now, we go to define parabolic subalgebras with respect to extended signatures (&), for
all de€ Ar.

First, we consider & Ar and let & = £(&) denotethe corresponding extended signature of
roots. Put F, ={yeA|&,(y)=¢(@)” #0} and =, =( X IRy)NZ. Let Zf =" NZ; . Then, (see
& }/EFS & &
[8]) following subsets
a, ={H ea|a(H) =0, forany o € F },
a(e)={H ea|<H,H">=0, forany H' €a },

nr; = Z ga’ n’; = H(HL‘)'

+ ¢t
aeX —Eg

n(e) = X g, 0 (5) = 0(n(e)),

acx}
m, =m+n(e)+n (&)+a(e)
are Lie subalgebras of g.
Let W, be the subgroup of W generated by reflections with respect to y in F, and let
A, A(€),N,,N_,N(e), N (¢) and (M,), denote the analytic subgroups of G to

a,,a(e),n,,n_,n(e),n (¢) and m,, respectively.

Then, we can define parabolic subalgebra p, in g, where p, =m, +a,_+n_is its
Langlands decomposition. Let P, denotethe parabolic subgroup in G with respect to p,, we see

that P, = M_A N, is the corresponding Langlands decomposition of P..

Moreover, it follows from [7, Lemma 2.3] that P(¢) = (M, "K)A.N, is a closed subgroup
of G, where M, =(M,),M and

N~ xA(g)xP(e) > G, (n,a, p) — nap
is an analytic diffeomorphism onto an open submanifold of G.

In general, for each 77 =w.4 € Ar, where weW and de Ar, we first consider parabolic
subgroup P. =M, AN, with respect to &= &(d), the corresponding extended signature of a.

Then, we can define parabolic subgroup P, = W.P.w" based on the action of the Weyl group W

on parabolic subgroup P.. Here, w denotes a representative for weW in N, (a) [1].

Now, we put X' ={a eX|2a ¢ 3 % & X}, and denote X ={aeX'|¢g,(a)=1} for

every extended signature ¢; of roots defined by &£(8). Then, (see [7]) it follows that £’ and X!

60



jos.hueuni.edu.vn Vol. 127, No. 1A, 2018

are reduced root systems. Let W',W/ and W/ be the subgroups of W generated by the

reflections with respect to the roots in ', 2! and 2. .

Put Ay =W'Ar and consider product manifold Gx A;. Let x =(g,77) be an element of

GxAr, where 7=w4&, in which weW' and &c Agr. Then, we get & =¢£(d), the extended
signature of roots with respect to & For simplicity, we use letters P(x), F,, Z,,Z,,W/,... instead

of P(¢,), F, 2, , 2, ,W/ ..., respectively.

yuse
X

Let {H,,H,,...,H} denote the dual basis of A={a,..,}, that is, H;ea and
a(H;))=¢6;,Vi,j=12,.,1 and put a(x)=exp(—%2log|ty|Hy), where H e{H;,H,,..,H}
}/EFX

with respect to .

Let W(X)={weW,|Z, ~wZ" =% N2}, By [7, Lemma 25], we see that
W) ={weW,/|Z, nwE" =3, nZ'}

Now, we go to define an equivalent relation for points in G x Aj;.

Definition 3.1 We say that two elements x=(g,wd8) and X'=(9',«'8) of GxAy are
equivalent if and only if the following conditions hold

(i) we, =W.e,

(i) w'w e W (x)

(i) ga()P(x)w = g'a(x')P(x)W"

Then, it follows that (see [7]) Definition 3.1 really gives an equivalence relation, which we
write x ~ x". Moreover, assume that two points X and x’ in Gx A satisfy conditions (i) and
(ii), we get that Ad(w "w)(p(x)) = p(x'), where p(x) and p(X’) are Lie algebras of Lie groups
P(x) and P(x’), respectively. Here, we note that Lie algebra p(x) of Lie group P(x) has the
following form

p(X)=m+a, + ZZ{X +&;,(@)0(X)| X eg,}.

Based on this and the relation wMw ' =wMw ™, we have wP(x)w ' =wP(x)w'*. It

follows that the condition (iii) is equivalent to
ga(x)P(x) = ga(x)w' " wP(x) ®)

in G/P(x).
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Then, we see that the action of G on G x A, is compatible with the equivalence relation.
The quotient space of Gx A; by this equivalence relation then becomes a topological space
with the quotient topology and denoted by X'

Let 7:GxAz = X be the natural projection. Since the action of G on GxAy is

compatible with the equivalence relation, we can define an action of G on X' by
9,7(9,8) = 7(9,9,8), V9,9, € G,d € Az, )

Put A, ={de Ay |£(@) = &} for each £ €{-1,0,1}* and X, = 7(Gx A ).
Proposition 3.2 The quotient topological space X' has the following properties:

(i) X'is a compact connected G -space and X'= U X, gives the orbital decomposition of X

ee{-1,0132

for the action of G on it.

(i) X, = 7(Gx Ay ) is homeomorphic to G/ P(¢) for each & e{-1,0,1}".

Proof. (i) Since 7#(Gxwl,) is connected for every weW', and W' is generated by
elements Wy oo W s where {£,,..., 5,}is a fundamental system of roots for X', we see that the

quotient space X' is connected.

Consider compact subset Kx Ay = KxW'Ar =~ Kx[-1,1]* xW' of the product manifold

Gx Az. Then, subset 7(K x Ar) is also compact because it is the image of a compact set under

continuous map 7.
Let a” denote the positive chamber corresponding to £° and put A" =expa’. Let

A ={exp X | X ea with a(X) >0 forall @ € X" }denote the closure of A", we see that
_+ l
A" ={exp (—EZ(Iog t)H,)|t (01]}.
/4

Fix ¢ e{-1,1}" and let x = (g, w.d) be an arbitrary pointin Gx A, .. Then, it follows from
Cartan decomposition G = KAK [8] that there exist k e K and he E such that
khP(x) = ga(x)P(x),
where E ={exp X | X ea with a¢(X)>0 forall « X, }.

Note that a, is a fundamental domain for the action of W,

X

so we can apply Lemma 2.5

in [7] to imply that compact set 7(Kx Az) contains subset 7(Gx Ay, ,) for every &e{-1,1}".
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Moreover, since Gx A, , is dense in Gx Ay and K x A, is compact, it follows that 7(Gx Ay, ,)
is also dense in X' Then, X' is also compact.

(i) Put deAr. for each £e{-1,0,1}* and define a map ¥:G/P(¢)—> X, by
Y(gP(¢)) = 7(g.8), Vg € G. Then, we we can prove that the map is well defined and becomes an
homeomorphism which is equivariant for the action of G. This follows the Proposition.

Now, we construct an analytic structure on topological space X based on the analytic

structure on Ar.
Consider the atlas of charts {(U,s Zuw))twew ON Ar defined in Theorem 2.1, where
Uyny = WUy, and g, 1 U,y — IR"@is a homeomorphism defined by

w(A)

Ky (Wm) = (mwfl_y)m, vmel,,weW.

For every geG and weW’, we put QF = z(gN" xU,,,), in which N™ is the analytic subgroup
of G corresponding to n” =6(n), where n= Y g, and define ®;:N"xIR* —>Qy by

aext
@;(n,t) = z(gn,w.4,), V(n,t) e N" < IR%,

Based on homeomorphism g, : U, —> IR"® with respect to weW’, we can define a
homeomorphism between gN~ x,,, and gN~ x{w}xIR" for every geG. Combine this with
the proof of Lemma 2.8 (ii) in [7], we get

Lemma 3.3 For every g €G and weW', @} is a homeomorphism of N” xIR" onto an open
subset Qf = m(gN"~ xU,,,) of X.

Now, consider the map ()™ o(®y): (D) (Q ") — (D5)(Q) NQy) for g,9'eG
and w,w' eW'. By definition, @y is bijective and continuous. It follows that (CI)"gi)’lo(d)V;) is
bijective and its inverse is of the same form. Moreover, we have

Lemma 3.4 Let 9,9’ €G and w,w eW'. Then,

wy-1 wy . wy -1 % w wy-1 w w
(Dg) " o (DF) 1 (Dg) (2 NQy) = (D) (5 Q)
defines an analytic diffeomorphism between the open subsets of N™ x IR®.

Proof. We have only to show that (®})™ o (®}) is analytic.

Note that based on the homeomorphism between gN™x, and gN™ xIR"™ for every
g G, we can prove the Lemma under condition w=Ww' by the same way as the proof of
Lemma 7 in [5]. Now, we will prove the Lemma without condition w' = w.

For any qeQjnQ), we can choose (nt) and (n't) in N™xIR® such that

7(x) = z(x") = q, where x=(gn,w.d,) and x'=(g'n’,w'a,). Then, we have
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gna(x)P(x) = g'na(x)w’ " wP(x)
by (3). Put g, = gna(x), g, = gn'a(x’), g, = g,w W and consider maps
(d)g,')*l oq)g; (nt) (e g), (q)g; )™ oq)g’; (e,e) (8 8),

(@33')*1 o@y 1 (n,t) > (e, & )and (q)‘gl)—l @ (e,5,) > (N, 1)

where ¢ =¢(§,) and ¢, = £(&,) belong to {-1,0,1}".
Then, we see that (<I)g,')’1 o(®@y) is the composition of the above maps
w'y-1 wy — w'y-1 w w y-1 w' wy-1 w w -1 w
(q)g’) O(q)g) - ((q)g’) Oq)gz)o((q)gz) Oq)g3)o((q)g3) oq)gl)o((q)gl) O(Dg )'

It follows from what we have mentioned at the beginning of the proof, maps
(d)g’l)’1 oy, (CD”Q’; )*t od)g; and (@) oCD”(_;; are analytic diffeomorphisms between the open
subsets of N™ xIR*.

Moreover, by a similar way as the proof of Lemma 2.8 (iii) in [7], we can show that the
map (d)ga' ) te @ is analytic on an open subset of N”xIR* containing (e, s,).

Since (n,t) is an arbitrary element in (®})*(Q) NQy.), we see that (D))o (D)) is
analytic and the set (@3)’1(Q:’m§2;/,) is open in N™ xIR*. Because the inverse of the map

(CI)"gV,' )to (@y) also has the same property, we have the Lemma.
Lemma 3.3 and Lemma 3.4 assure that we can define an analytic structure on X through
maps @ so that they define analytic diffeomorphisms onto open subsets Q7 of X' and the

action of G on X is analytic. On the other hand, based on the homeomorphism between
gN~xU, and gN~ xIR™ for every g € G and by a similar way as the proof of Theorem 2.7 in

[7], we can prove that topological space X is Hausdorff. Moreover, for an element weW’, the
unique G -orbit which is isomorphic to G/K (resp. G/P ) is just Gﬂ(e,W.égl) (resp.

Gr(e, W'égo )). Combining this with Proposition 3.2, we get

Theorem 3.5 The quotient topological space X' has the following properties:

(i) X'is a compact connected real analytic manifold and ~ \J Qf is an open covering of X' such
weW’,geG

that maps @ are real analytic diffeomorphisms.

(ii) The action of G on X is analytic and orbit Gz(X) for point x in X is isomorphic to
homogeneous space G/P(x). In particular, the number of G -orbits which are isomorphic to G/K

(resp. G 1P ) is just the number of elements inW .
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LetIR; ={teIR"|t, <1forevery « €X}. Note that for any elements geG,keK, meM

and W. € Az, we have (gkm,w.&) ~ (gk,w.&). Then, we can define
Yy KIMxIR] — X, (KM, t) - 7(gk, w.d,).

Based on Lemma 2.9 in [7] and Theorem 3.5, we have

Corollary 3.6 W :(kM,t)+— 7z(gk,wd,) is an analytic diffeomorphism of product manifold
K/MxIR} to X'. Moreover, U Im¥y is an open covering of X.

weW’,geG
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