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Abstract. Let (R,m) be a noetherian local ring with dim(R) =d = 1 and depth(R) =d — 1. Let I be
an m-primary ideal of R. In this paper, we study the non-positivity of the Hilbert coefficients e;(I)

under some conditions.
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1 Introduction

Let (R,m) be a noetherian local ring of dimension
d>=1 and I an m-primary ideal of R. Let £(.)
denote the length of an R-module. The Hilbert-
Samuel function of R with respect to I is the

function H;:Z — N, given by

2(R/I™)

H,(n)={0 ifn > 0;

if n <0.

There exists a unique polynomial P;(x) €
Q[x] (called the
degree d such that H;(n) = P;(n) for n > 0 and

it is written by

da
pm =) o (T T e,

Then, the integers e;(I) is called Hilbert
coefficients of I.The aim of this paper is to study the

Hilbert- Samuel polynomial) of

non-positivity of Hilbert cofficients.

In 2010, Mandal-Singh-Verma [1] showed
that e;(I) < 0 for all parameter ideals I of R. If
depth(R)=d -1, McCune [2] showed that
e,(I) £0 and Saikia-Saloni [3] proved that
e3(I) <0 for every parameter ideal /. Recently,
Linh-Trung [4] proved that if depth(R)>d —1
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and [ is a parameter ideal such that
depth(G(1)) =2d—2 , then ¢(I)<0 for i=
1,...,d. In [5], Puthenpurakal obtained remarkable
results that if I is an m-primary ideal of a ring R
with dimension 3 such that r(I) <2, then

e3(I) <0.

The main result of this paper is to give an

improvement of the result of Linh-Trung [4].

Theorem 3.3 Let (R,m) a noetherian local
ring with dim(R) =d = 2 and depth(R) = d —1.
Let I be an m -primary ideal of R such that
depth(G(I)) =2d—2. For i=1,..,d, if r(I)<
i—1 then e;(I)<0.

2 Preliminary

Let (R,m) be a noetherian local ring of dimension

d and I be an m-primary ideal of R. A numerical

function
HI:Z_)NO

L(R/I™ ifn = 0
”HH'(”)={0( ) i;n <o0.

is said to be a Hilbert-Samuel function of R with
respect to the ideal I. It is well known that there
exists a polynomial P; € Q[x] of degree d such
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that H;(n) = P;(n) for n » 0. The polynomial P;
is called the Hilbert-Samuel polynomial of R with

respect to the ideal I, and it is written in the form
P(n) =
im+d—-i—1
Lo COI(MTETT e,

where e;(I) for i =0,..,d are integers, called
Hilbert coefficients of I. In particular, e(l) = ey(I)
and e (/) are called the multiplicity and Chern
coefficient of I, respectively.

An element said to be
superficial for I if there exists a number c € N
such that (I":x) N I¢ =" for n>c. If R/m is

infinite, then a superficial element for I always

x € \ml is

exists. A sequence of elements x;,...,x, € I\ml is
said to be a superficial sequence for I if x; is

superficial for I/(xy,..,x;—;) for i =1,..,r.
Suppose that dim(R)=d =1 and x €I\
ml is a superficial element for I, then £(0:; x) <
o and dim(R/(x))=dim(R)—1=d—1. The
following lemma give us a relationship between

e;(I) and e;(I;), where I; = I(R/(x)).

Lemma 2.1 [6, Proposition 1.3.2] Let R be a
noetherian local ring of dimension d = 2 and I an m-
primary ideal of R. Let x € I\ml be a superficial
element for I and I, = I(R/(x)). Then

(i) e;(I) =e;(I;) for i =0,...,d — 2;
(i) eq-1(I) = eq1 (1) + (=1)*£(0: x).

by G() =@uso I"/I™"  the
associated graded ring of R with respectto I and

a;(G(D)) = sup{n |Hiqy, (G(D), # 0},

If denote

where Hé(m (G()) is the i-th local cohomology
module of G(I) with respect to G(I); . The
Castelnuovo-Mumford reqularity of G(I), reg(G(I)),
is defined by

reg(G()) = max{a;(G(I))+i | i = 0}

Recall that an ideal J<S1 is called a
reduction of I if I"*1=JI" for n>» 0. If J is a
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reduction of I and no other reduction of [ is
contained in J, then J is said to be a minimal
reduction of 1.1f | isaminimal reduction of I, then
the reduction number of 1 with respect to |, 1;(I), is

given by
ry(I):=min{ n | ["*!' = JI"}.
The reduction number of I, denoted r(I), is
given by
r(l):= min{r](l) |] is a minimal reduction of [}.

A relationship between the reduction

number of I, az(G(I)) and reg(G (1)) is given by

the following lemma.
Lemma 2.2 [7, Proposition 3.2]

az(GN))+d <r() <reg(G()).

3 Main result

Throughout this section, (R,m) is a noetherian
local ring of dimension d and depth(R) =d — 1.
Let I be an m-primary ideal of R. In [8], Elias

considered the numerical function

gyt N — N
k — a;(k) = depth(G(I*)).

Elias [8] showed that o; is a non-decreasing
function and o;(k) is a constant for k > 0. This
constant is denoted by o (1).

By [9, Lemma 2.4],
(6
a;(G(IM)) < [%())] forall i<dand k >1,

where [a] = max{m € Z | m < a}. Thus, for i >

0, we have

a(GU*) <0 for k>0 )
and

o(l) = depth(G(I)). @)

The following theorem gives a non-

positivity for the last Hilbert coefficient.



Hue University Journal of Science: Natural Science
Vol. 129, No. 1D, 67-70, 2020

pISSN 1859-1388
eISSN 2615-9678

Theorem 3.1 [10, Theorem 2.4] Let (R, m) be
a noetherian local ring of dimension d =2 and
depth(R) = d — 1. Let I be an m-primary ideal such
that r(I) <d —1 and o(I) =d — 2. Then, es(I) <
0.

For k>0, let ] =1¥, R=R[Jt] =@psoJ"
denote the Rees algebra of R with respectto J, R,
=@;>0 Ry By [11, Theorem 4.1] and [11, Theorem

3.8], we have

(=D, (D) = (=1)%eq(J) = P;(0) — H;(0)
=XLo (“1)'(Hk, (R)o)
=XLo (=D"(Hg(y, GUo)-

o(l) =depth(G(J))=d—2 ,
Hy,(GD) =0 for i=0,..,d—3. By Lemma
2.2, we have a4(G(J)) +d < r(J). From [9, Lemma
2.7],

Since

_Ir+1-501

r()) < X +s()—1
=]T(I)J;(—1_d[+d—1sd—1.

Hence, a;(G(J)) < 0. On the other hand,
a;(G(J)) <0 for all i =0 from (1). By applying

[12, Theorem 5.2], we get az,(G()) <
ay-1(G()) < 0. It follows that
(—D)%eq(D) = (=D)* " (HEG, G (Do)-

This implies that eq(D) =

—2(HE35, (G(U))o) < 0. From

Theorem 3.1, we obtain the following corollary.

the proof of

Corollary 3.2 Let (R, m) be a noetherian local
ring of dimension d = 2 and depth(R) = d — 1. Let
I be an m-primary ideal such that reg(G(I)) < d — 2
and o(1) = d — 2. Then, e4(I) = 0.

For k » 0, set | =1I%. Since reg(G(I)) <
d—2,

max{ag_1(GU))+d—1,a4,(GUI))+d}<d—2.
Thus, a;(G(I)) < -1 for i=d —1,d. By [9,

Lemma 2.4],

a;(G(I*)) < [ai(G(D)/k].
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Therefore,

max{aq-1(G(J))),aa(GU))} < 1.

From the proof of Theorem 3.1, we have
eq(D) = _f(Hg(_]L(GU))O) = 0.

In [4], Linh-Trung proved that if Q is a
parameter ideal such that depth(G(Q)) =d -2,
then ¢;(Q) <0 for all i=1,..,d. In this case,
r(@ =0 . The

improvement of Linh-Trung’s result.

following theorem is an

Theorem 3.3 Let (R,m) a noetherian local
ring with dim(R) =d = 2 and depth(R) > d —1.
Let I be an m -primary ideal of R such that
depth(G(I))=d—2. For i=1,..,d, if r(I) <i—
1, then e;(I) < 0.

It is clear that the theorem holds for d = 2.

Now, we consider d > 2. By [4, Theorem 1],
the theorem holds for the case i = 1.

In the case i = d, by assumption, we have
r(I)<d-1 and o(I) = depth(G(I)) =d — 2. By
applying Theorem 3.1, we obtain e;(I) < 0. So, we

need to prove for i = 2,...,d — 1.

Without loss of generality, we assume that
R/m is infinite and xy,..,x4_; is a superficial
sequence for I. Let R; = R/(xy,..
IR;. Then, e;(I) = e;(I;_;) from Lemma 2.1. From
this hypothesis, it follows that

,x;) and I; =

dim(Ry_;)) =i=2, depth(Ry_;)
=>i—1 and depth(G(l;_;))
>i—2.

We have r(l;_;) <r(Il)<i—1. From (2),
we get 0(ly_;) = depth(G(I4—;)) = i — 2. Appying
Theorem 3.1, we obtain
e()=e;U3-) <0 for i=2,..,d—1
The proof is complete.

Combining Theorem 3.3 and Corollary 3.2,

we get the following corollary.

Corollary 3.4 Let (R,m) be a noetherian local
ring with dim(R) =d = 2 and depth(R) = d —1.
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Let I be an m -primary ideal of R such that
depth(G(I))=d—-2 . For i=1,.,d , if
reg(G(I)) <i— 2, then e;(I) = 0.
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