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Abstract. In this paper, we study some non-classical properties and propose the generation schemes of
the superposition of multiple-photon-added two-mode squeezed vacuum state (SMPA-TMSVS). Based
on the Wigner function, we clarify that this state is a non-Gaussian state, while the original two-
mode squeezed vacuum state (TMSVS) is a Gaussian state. Besides, the SMPA-TMSVS is sum
squeezing, as well as difference squeezing. In particular, the manifestation of the sum squeezing and
the difference squeezing in the SMPA-TMSVS becomes more pronounced when increasing parameters
r and . In addition, by exploiting the schemes of photon-added superposition in the usual order, we
give some schemes that the SMPA-TMSVS can be generated with the higher-order photon-added
superposition by using some optical devices.
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1 Introduction

Non-classicality of non-classical states plays a
central role in the quantum tasks such as
detecting gravitational waves via the LIGO
interferometer by wusing squeezing light [1],
producing single-photon resources by exploiting
the anti-bunching effect [2], and implementing
protocols in the quantum information by applying
entangled sources [3, 4]. To improve the
effectiveness of these tasks, researchers have
studied the methods that can enhance the degree
of non-classicality of the non-classical states [5-8].
The primary method is the photon addition
operation to any states, including coherent states
[5, 9-12 ] and squeezed states [13-15].
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We know that the local photon addition
operation to multimode states changes classical
states to non-classical states [16] and increases the
manifestation of squeezing and entanglement in
original non-classical states [6, 8, 12, 15, 17].
However, in the weak region of the amplitude of
these states, the role of photon addition operation
becomes fainted [7, 12]. Therefore, the nonlocal
photon addition operation was soon studied [18-
20]. This operation can generate maximally
entangled states, e.g., the NOON states [18, 19],
even though the input fields are vacuum states
[18-20].

We pay attention to the two-mode
squeezed vacuum state (TMSVS) in the two-mode
continuous variables regime [21]. This state is a

Gaussian state with a high degree of non-
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classicality when the squeezed amplitude is large.
Therefore, it is suitable to implement quantum
tasks such as quantum teleportation [3], quantum
cryptography, quantum dense code, and quantum
error correction [22]. Interestingly, this state was
generated in the laboratory to perform the
quantum teleportation process [23]. However, the
amplitude of the generated state is small. For that
reason, we are interested in studying the nonlocal
photon addition operation on the TMSVS to
enhance the quantum effects of the proposed
state. Recently, the multiple-photon-added two-
mode squeezed vacuum state (SMPA-TMSVS)
was introduced in [24] by performing the addition
of the superposition of operators a** and b* to a
TMSVS where a* and b* are the boson creation
operations, and  and k are nonnegative integers.
In this state, the degree of entanglement, EPR
correlation, quantum steering, and the quantum
teleportation process via the SMPA-TMSVS are
studied.

In this paper, we present the investigation
of the non-classicality of the SMPA-TMSVS. In
Section 2, we study the Wigner function of the
SMPA-TMSVS. The sum squeezing and the
difference squeezing of such a state are examined
in detail in Sections 3 and 4. We also propose the
experimental schemes for generating this state
with some specific values of & and k in Section 5.
Finally, we briefly summarize the main results of

the paper in the conclusions.

APE™ (r) =(r,h,k|a*a"b"o" |r,h,k)

2 Wigner function

In terms of the Fock states, the TMSVS state [21] is
given by

|r),, =cosh™ ritanh” rjn,n)., (1)
n=0

where |1, n)aw = |n)aIn)vis a normal product of two

Fock states corresponding to two modes a and b,

and the squeezed parameter r is real. From the

TMSVS given in Eq. (1), the SMPA-TMSVS was

recently defined in the form as [24]

I7; h, kyar = Nuk(r)(a + eb*) | 1), ()
where the normalized coefficient Nix is
determined by

Nui2(r) = hlcosh?r + g2k!cosh?r. 3)

In terms of the two-mode Fock states, the
SMPA-TMSVS in Eq. (2) is written as

o 1
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therein
Cn,i(r):
i h)I(n+k )! tanh" ®)
Nhyk(r)cosh‘lrg (n+ ')(:r ten r,

where ho=h, h1 =0, ko = 0, and k1 = k. In addition,
by setting

Nx.y,u,v(r) =

w(rl2a7D"7r),, = ©6)
mirleul x1ylutvicosh®** rsinh'™ (2r) tanh*'r5, ., .,
= 2"ni(x=nm)!(u-n)!(v—u+n)!

where x, y, u, v are nonnegative integers, and § is
denoted as the Kronecker delta function; the
quantum average of operators ava*b7b* in the
SMPA-TMSVS is given as

@)

= Nr?k (r)[N p+h,g+h,m,l (r) + 52 N p.q,m+k,l+k (r) + ng+h,q,m,I+k (r) + SN p.g+h,m+k,I (r)]v

where p, g, m, | are also nonnegative integers.
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The Wigner function is a quasi-probability
used to describe the quantum state in the phase
space. The negativity of the Wigner function is a

witness of non-classicality and non-Gaussian

42l el

characteristics of a non-classical state [25]. In the

two-mode continuous variables regime, the

Wigner function of a state with a density operator

p is given in terms of the coherent states as

( ;aa b~ aa;’ )
”4 dZyadZybeZV +7p% 7 Vb% o <_7b’_7/a|pab|7a’7b>ab’ (8)
where oz and ow receive the complex values, and Pa =|r.0K), (r.hk
= _ ) 1 9
Yo, yo)av l'yayal yo)o denotes a two-mode = 3 S e, (R k), (M m k| ©)
m,n=01i, j=0

coherent state. We use Eq. (8) to calculate the
Wigner function of the SMPA-TMSVS. With the
term of this state given in Eq. (4), the density
operator of the SMPA-TMSVS is written as

C

n a

(e, (rye el (20)"" (20,)"" (205,

According to the calculation method shown
in [12], the Wigner function of the SMPA-TMSVS

is determined as

)”*k. (zab )m+k]

4 &
W=— 3

7T mnm0igo J RN+ k) m+hy)(m +k;)!

where 2Fo denotes the hypergeometric function.

We use the analytical expression in Eq. (10)
to investigate the non-Gaussian and non-classical
characteristics in the SMPATMSVS. In Fig. 1, we
plot the dependence of the Wigner function on r
when a = =0.01, and & = 1 for several values of h
and k. The results show in the SMPA-TMSVS that
the Wigner function can take negative values in
some regions of . Moreover, in some points of the
phase space, as the values of r (h, k) increase, the
negativity of the Wigner function can increase.
This proves that the SMPA-TMSVS is a non-
Gaussian as well as a non-classical state.

-0.40480
-0.40485
~0.40490
=-0.40495
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0.0 0.1 0.2 0.3 0.4 0.5
r

Fig. 1. Wigner function (W) as a function of r when o =
B=0.01 and e=1 for h=k=1 (the solid line), h=k=3
(the dash curve), and I = k=5 (the dotted curve)
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3  Sum squeezing

The squeezing property plays an essential role in
high-accuracy experiments, such as detecting
gravitational waves [1] and cooling materials [26].
The sum squeezing property is associated with
the creation of light with the sum frequency at the
output. The sum squeezing criterion was first
introduced by Hillery [27]. Then, it was applied to
detect squeezing in several states [6, 7]. To
imagine this criterion, for two arbitrary modes a

and b, we consider an operator in the form

4

V, = %(e“”’a*b+ +eab), (11)

where ¢ is real. A sum squeezing factor is defined

as

4<(AV¢,)2>—<Na+Nb+1>

S =
(N, +N, +1)

) 12)

where ((AVy)?) =(V#) - (Vg2 and Nx = x*x, x = {a, b}.

A state is called a sum squeezing if it satisfies S <
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0. Factor S also manifests the squeezing degree,
ie, the more negative S gets, the higher the

squeezing degree receives. The sum squeezing

_ 2c0s(2¢) (a’b”)—4cos’ p(ab)” +2(aa’bb")

~2(aa*)-2

factor in the SMPATMSVS is given in the explicit

form as

<bb+>+2' 3

(aa*)+(bb*)—

Using Eq. (7), we obtain

_ 2cos(2p) 2020 (r)—4cos’ o 1°1°(r)) F2AM(r) - 2AN0 () -2 °°“(r)+2

1100(r)+ OOll(r) l

We use the analytical expression in Eq. (14)
to clarify the sum squeezing property in the
SMPA-TMSVS.

squeezing factor is almost unchanged when

In our calculations, the sum
increasing h, k, and . For example, if ¢ = 7/2, r =2,
with any values of ¢, I, k, we only obtain S = —0.96.
However, factor S varies with ¢. In Fig. 2, we plot
the dependence of sum squeezing factor S on r for
several values of ¢. The results show that the

degree of sum squeezing gets a maximum at ¢ =

0.0 05 10 15 2.0

Fig. 2. Sum squeezing factor (S) as a function of r
when ¢ = 1.4 (the solid line), ¢ = 1.5 (the dashed
curve), and ¢ = 7/2 (the dotted curve)

2<aa*bb*>—<aa

)= {bb")-|(ea

(14)

/2 (generalized as ¢ = (2m + 1)n/2 with integer m).
In this case, factor S becomes more and more
negative when parameter r is getting bigger and

bigger.

4  Difference squeezing

The difference squeezing criterion was also
proposed by Hillery [27]. Accordingly, let us

consider another two-mode operator as

4

X, = %(e”’ab+ +e’a'b), (15)

The two-mode difference squeezing factor

is determined as

4{(a%, ) )=[(N, =N, )
|<Na_Nb>| .

A state is called a difference squeezing if D

D=

(16)

< 0. This condition was verified in the two-mode
photon-added displaced squeezed states [6]. In
the SMPA-TMSVS, the difference squeezing factor

becomes.

2cos(2p) (™) - 4cos’ gp<a*b>2 +

)]

17
EIRCY "
Using Eq. (7), we write the difference squeezing factor as
2COS(2¢)) 0220(r)_40082¢( 0110(r)) +2A31'111(r) 1100(r) 0011(r) | llOO(r) 0011(r)|
| 1100(r) 0011(r)| (18)
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We use the analytical expression in Eq. (18)
to examine the difference squeezing behavior in
the SMPA-TMSVS. In our numerical calculation,
the difference squeezing only appears in the case
of single-photon adding h = k = 1. For example,
whene=05,¢=0,7r=01and h=k=1(2, 3, 4), we
get D = -0.24 (2.28, 0.89, 0.92). Besides, in Fig. 3,
we plot the dependence of difference squeezing
factor D on r when ¢ =0, h = k = 1 for several
values of &. The results show that the degree of
difference squeezing enhances when ¢ increases.
However, the negativity of factor D increases
when r becomes bigger. In addition, we note that
the degree of difference squeezing achieves a
maximum when & = mn with integer m (see Fig. 4).
It should be noted that the original TMSVS does
not exist the difference squeezing. Therefore, the
photon-added superposition operation on the
TMSVS plays an important role to emerge the

difference squeezing in the proposed state.
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Fig. 3. Difference squeezing factor (D) as a function of r
when ¢ =0 and & = k =1 for ¢ = 0.2 (the solid line),
& =0.4 (the dashed curve), and € = 0.6 (the dotted curve)

Orginal stage Repeated stage 1

a

Repeated stage 2

Fig. 4. Difference squeezing factor (D) as a function of ¢
and e whenh=k=1and r=0.01

5 Generation schemes

In order to generate the SMPA-TMSVS with the
superposition of photon addition in the usual
order and second order as a* + e¢b* and a?* + b?,
several experimental schemes have been
proposed [18, 19]. When © = k > 2, using the
scheme to generate the superposition xa* + yb* of
Fiurasek [18], we apply this operation on the
TMSVS h times. In each repetition, the values for x
and y need to be changed accordingly. For
example, the protocol is sketched in Fig. 5 when h
=k = 3. In this scheme, the values of x1, y1, x2, 12

are adjusted as

{Xlxzy+xx1yz +X%,Y, =0 19)

XY1Y, + XYY, + %Yy, =0.

Therefore, at the output, the action of the
superposition is written as
(ov2a* + y2b*)(xra* + y1b*) (xa*+ yb*) [ rhav
= (xx1xea*d + yyy2b*3) 1 1)a. (20)
By setting & = yy1y2/xx1x2, the state in Eq. (20)
returns to the SMPATMSVS when h =k = 3.

+ +
(xa +yb )x
+ +

Irdas x50 )y (xa +yb )r)

(xaa” + yab")x
(i@ + yb)x
(xa”+ yb ) a

Note: The input is a TMSVS | r)a with

two modes a and b. Each rectangle

b

Fig. 5. Experimental scheme generates the SMPATMSVS when h =k =3
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>

b plays the role of performing a usual-

order photon-added superposition.
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When h # k, we propose a scheme for
generating the SMPA-TMSVS when h =1, k=2 by
using some optical devices. Specifically, the
scheme uses a parametric down-converter (PDC)
with very weak intensity, a third-order nonlinear
crystal (TONC), a balanced beam splitter (BS), and
two photo-detectors (PDs). Also, in this scheme,
we use a TMSVS and two vacuum states at inputs.
The arrangement of these physical resources is

depicted in Fig. 6.

b b
I".>uh >
;\ Mirror

a ‘" TONC

v

Y

Fig. 6. Experimental scheme generating a SMPATMSVS
whenh=1,k=2

Note: The inputs include a TMSVS | r)a of two modes a and b,
and two vacuum states |0)c and |0)4, corresponding to two
modes ¢ and d. PDC is a parametric down-converter. TONC is
a third-order nonlinear crystal. BS is a balanced beam splitter.
The two modes ¢ and d are detected by two photo-detectors
PD1 and PD2, respectively.

2C +d” L—c +d’
Il Ce s URCAC)

The action of the PDC is characterized by

the operator
S(;L) — e—ia*d‘+i*ad , (21)

where A is the coupling strength of the PDC, A <<
1. On the other hand, the transformation of the
TONC is described by

K (K) _ e—rcb*zc*wc*bzc7 (22)

where « is proportional to the third-order
nonlinearity of the TONC. Besides, with the BS
50:50, the input fields corresponding to operator ¢

and d are changed into (C+d)/\/§ and

(—c+d) /2 at the outputs, respectively.

The state of the system after simultaneously
passing through the PDC and the TONC is

|l//>abcd = e“"baﬁ +Kﬁb2Ce_la+d++)fad | r->ab |O>c |O>d ' (23)

If the intensity of the PDC and the TONC is very
weak, the state in Eq. (23) approximates

[V )y = A= &07C) A= 227d)]r),, |0) [0),. (24)

Next, after mode ¢ and d are driven

simultaneously to the BS, the state | y)ww becomes

B {1_ kb™c" +xb™?d” -da’c’ +a’d” N xkb?Aa’(c* +d*)(—c" +d¥)

7 N

. Jin 10110, @)

(kb —2a")c’ (kb +2a")d” . xb?ia*(c* +d*)(—c* +d¥)

{” NE 7

Now, if the photo-detectors PD1 and PD2
detect 0 (1) and 1 (0) photons in modes ¢ and d,
respectively, the output state is arranged in the

term

- + A +
o = 50"+ 752 @9

VRN

10

: [i91o.10n.

or

A

—K | 2 _ o
|W0Ut>ab - [ﬁb \/Ea jl r>ab ' (27)

By setting € = —k/A (k/A), the state in Eq. (26)
or (27) returns to the SMPA-TMSVS when h =1, k
= 2. It should be noted that we can use the above
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scheme for multiple times to generate the SMPA-
TMSVSifh>1and k> 2.

6 Conclusions

In this paper, we investigate the Wigner function,
the sum squeezing, and the difference squeezing
in the SMPA-TMSVS. Considering the negativity
of the Wigner function, we show that due to the
addition of the photons to the two modes of a
TMSVS, the SMPA-TMSVS state becomes a non-
Gaussian state, whereas the original TMSVS is the
Gaussian state. Besides, the SMPA-TMSVS is the
sum squeezing, and the degree of sum squeezing
enhances by increasing the squeezed parameter r
instead of changing parameters h, k, and &. In
contrast to the TMSVS, the SMPA-TMSVS is the
difference squeezing, and the squeezing degree is
improved by raising €. This demonstrates the
importance of the photon-added superposition
operation to the TMSVS.  More
importantly, we clarify that the SMPA-TMSVS

can be generated by using the scheme of Fiurasek

original

multiple times when h = k > 2. In addition, using
some optical devices like PDC, TONC, BS, and
PDs, we have proposed an experimental scheme
to generate an SMPA-TMSVS if h =1 and k = 2.
Combining this scheme with that of Fiurasek, Lee
and Nha, it is possible to generate the SMPA-
TMSVS  with a photon-added

superposition.

higher-order
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