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Abstract. Using the renormalized wavefunction approach, we examined the excitonic quantum beat in 

a three-level system in disk-shaped quantum dots. The non-stationary electron wave function and the 

time-dependent exciton absorption intensity under the effect of an intensity pump laser that resonates 

with two excited electron states were also provided. Our numerical findings demonstrate that the time-

dependent exciton absorption intensity takes the shape of a periodic oscillation when the quantum dot 

is subjected to a powerful resonant pump laser. This is clear evidence that quantum beats appears in 

the quantum disk. Additionally, the dot radius and the pump field detuning significantly affect the 

beat characteristics, such as frequency and amplitude. 
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1 Introduction 

Due to its exceptional and cutting-edge uses in 

optoelectronics and electronic devices, 

semiconductor quantum dots have recently 

caught the attention of scientists [1, 2]. Quantum 

dots may now be created in a variety of sizes and 

forms for use in research to clarify the unique 

qualities that other low-dimensional structures do 

not have, thanks to breakthroughs in 

microelectronics technology. A unique variety of 

quantum dot that can be thought of as a quasi-

one-dimensional quantum wire is the disk-shaped 

semiconductor nanostructure. This structure has 

now been taken into consideration for distinct 

theoretical and experimental studies [3–8]. 

Since the 1990s, both experimental and 

theoretical researchers have been interested in the 

quantum beats (QBs) phenomena [9]. QBs in 

nanostructured semiconductors play an important 

role in ultrafast physics and have implications in 

the production of Terahertz electromagnetic 

waves [10, 11] and ultrafast all-optical switches 

[12]. In addition, nuclear, atomic, and molecular 

spectroscopy [13] makes extensive use of the 

quantum beat effect. Theoretically, the QBs have 

been investigated using the third-order nonlinear 

susceptibility method [14], the density matrix 

technique [15], the renormalized wavefunction 

approach [16–19], the non-equilibrium many body 

pertubation theory [20], and the photoemission 

theory [21]. When studying quantum dots of 

various shapes, such as spherical quantum dots 

[17] and elliptical quantum dots [19], or in a 

variety of low-dimensional structures, such as 

quantum wells [16] and quantum wires [18], the 

renormalized wavefunction technique has proven 

to be advantageous.  
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The goal of the current research is to use the 

renormalized wavefunction method to investigate 

the quantum beat phenomena in a disk-shaped 

quantum dot. Investigations are also done into the 

ways the QBs behave and the manner in which 

the external field and dot size affect them. The 

structure of this work is as follows. In section 2, 

the theoretical framework is described. Section 3 

contains the numerical results and explanations. 

In section 4, we finalize the conclusions.  

2 Theoretical framework 

2.1 The wavefunction and energy levels of 

exciton in a disk-shaped quantum dot 

under the effect of a pump laser 

In this work, to study the existence of exciton 

quantum beat in disk-shaped quantum dots, we 

irradiate simultaneously two laser waves on the 

system. A resonant pump laser has a frequency 

tuned close to the energy difference between the 

first two excited levels of the exciton (as indicated 

by a thick arrow in Fig. 1). A weak probe laser is 

utilized to identify the transitions between the 

ground level and the excited levels of the exciton 

(as indicated by a thin arrow in Fig. 1). We 

assume that these laser waves are set to irradiate 

on the same area of the cross-section of the 

quantum disk. In addition, the propagation 

direction of the laser beams is also set along the 

Oz axis (Fig. 1). Since the direction of laser beams 

is parallel to the Oz axis, the electric fields of 

lasers stay in the plane perpendicular to the Oz. 

To study the behavior of the exciton 

quantum beat in a disk-shaped quantum dot with 

an infinite potential, we applied the three-level 

energy model of electron and hole (Fig. 2a) for 

exciton. The three-level energy system of exciton 

consists of a ground level groundE  corresponding 

to the state 0 ,  two excited levels 10E  and 11E

corresponding to two states 10  and 11  

(Fig. 2b). These exciton states are achieved by 

interband optical transitions between the lowest 

level of the hole 10
hE  and the two lowest levels of 

the electron 10
eE  and 11

eE  together with the 

Coulomb interaction among electrons and holes. 

First, we find the wavefunction and energy 

spectrum of the exciton when the system is not 

affected by a pump laser. In the strong 

confinement regime, the time-dependent 

wavefunctions of exciton in the stationary state 

are given as follows 

 10 10 10

11 10 11

, , , ,

, , , ,

h e

h e

r t r t r t

r t r t r t
 (1) 

where 10 ,h r t , 10 ,e r t , and 10 ,e r t  are 

respectively the time-dependent wavefunctions of 

hole and electron, given as follows 

 

Fig. 1. The image illustrates the direction of the 

laser fields on the disk-shaped quantum dot 

 

 

Fig. 2. (a) Model of the three-level electron system 

consists of the lowest level of the hole 10
hE  and the 

two lowest levels of the electron 10
eE  and 11

eE . (b) 

A three-level model of the exciton consists of a 

ground level groundE  and two excited levels 10E  

và 11E  
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where ,c vu r  are the periodic Bloch function 

located near the center of the Brillouin zone in the 

conduction and valence bands; ,e h
nm r  is the 

envelope wavefunction of electron and hole in a 

disk-shaped quantum dot with an infinite 

potential [8] 
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in which nm  is the nth zero of the mth order 

Bessel function of the first kind ( )m nm
r

J
R

. 

If we choose the energy origin at the top of 

the valence band, the electron and hole energy 

levels corresponding to the wavefunctions in Eq. 

(3) are given by 

 

2 2 2 2 2

2 * 2

2 2 2 2 2

* 2 * 2

*2 2

2 2
n

z

e

e nm
nm g

e

m

h h
nm
h z

E
n

m R m

n

m R m

E
d

E
d

, (4) 

where gE is the band gap energy of the 

semiconductor. 

The energy levels of the exciton 

corresponding to the stationary states in Eq. (1) 

are determined as 

 10 10 10

11 10 11

,

,

h e

h e

E E E

E E E
 (5) 

note that the binding energy between the electron 

and the hole is too small comparing to the 

electron and hole energy so we can ignore this 

value in Eq. (5). 

 

Fig. 3. Energy separation diagram of the exciton under 

the effect of a strong pump laser resonating with the 

energy difference between the two levels of the 

electron. 

Next, we give the wave function and 

energy spectrum of exciton when the system is 

affected by a strong pump laser resonating with 

the difference between the two initial excitation 

levels of the electron. First, the wavefunction of 

the electron in the non-stationary state under the 

effect of a pump laser is determined from the 

time-dependent Schrödinger equation  

 0

( , ) ˆ ˆ( ) ( , )
e

emix
int mix

r t
i H H r t

t
, (6) 

where 0Ĥ  is the Hamiltonian without the pump 

laser and ˆ
intH  is the interaction Hamiltonian 

between the particles and the electromagnetic 

field of the pump laser, given as follows 

0

,ˆˆ
x

x

i t
i t

int
x

x

Ae
H V

q
np e

m i
        (7) 

in which the polarization vector n  is chosen 

along the Ox axis because the direction of the laser 

waves is parallel to the Oz axis (Fig. 1), x p  

and x t  represent the pump and probe lasers, 

respectively; xA  and x  are the amplitude and 

frequency of laser waves, respectively. 

Substituting Eq. (7) into Eq. (6), we can 

find the renormalized wavefunction of the 

electron in the presence of a pump laser as follows 
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When the pump laser is activated, the 

electrons are now in a non-stationary state, 

causing the time-dependent wave function of the 

exciton being renormalized and determined by 

 ix 10 ix, , ,h e
m mr t r t r t , (9) 

Substitute Eqs. (2) and (8) into Eq. (9) and 

perform some intermediate calculations, we 

obtain the renormalized exciton wavefunction 

expression of the following form 
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where 
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with 10V  is the intraband transition matrix 

element between two levels 10
eE  and 11

eE  
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From Eq. (10), we see that the exciton 

energy spectrum in the presence of a pump laser 

consists of four levels, in which two levels 10E  

and 10E  are separated from the level 10E , and 

two levels 11E  and 11E  are separated from the 

level 11E  (Fig. 3). These separated levels are 

defined as  

 10 10 2

1 0 10 1

E E

E E
, (13) 

and 

 111 11

1 1 21 1

E E

E E
. (14) 

From Eqs. (11), (13) and (14), we have 

 10 10

11 11

2 ,

2 .
R

R

E E

E E
 (15) 

From Eq. (15), we see that the energy 

difference between two split levels 10E  and 10E  

or 11E  and 11E  is equal to 2 R ( R is the Rabi 

frequency determined in Eq. (11)). 

2.2 The absorption intensity of exciton in the 

absence of a pump laser   

In this section, we determine the time-dependent 

absorption intensity of exciton through the optical 

transition matrix element between exciton levels 

in the absence of the pump laser. According to the 

selection rule for optical transitions in quantum 

dot structures, the transitions can only occur 

between the ground state corresponding to groundE  

level and the first excited state corresponding to 

10E  level of the exciton. Therefore, under the 

effect of a probe laser, the transition matrix 

element between these two levels is determined as 

follows 

10 10
ˆ( , ) 0Ex
intT r t H .              (16) 

Substituting Eqs. (1) and (7) into Eq. (16), 

we finally get the transition matrix element 

expression Ex
10T as follows 
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where ˆ| |cv c vp u r np u r  is the polarization 

matrix element between the conduction and 

valence bands. 

From that, we can find the expression of the 

absorption intensity of exciton in the absence of 

the pump laser by making use of the following 

relation 

 
2

10 10( ) EE xxI t T . (18) 

Substituting Eq. (17) into Eq. (18) and 

inputting the damped factor exp t

phenomenologically, with 11 /T  ( 1T  is the 

lifetime of the exciton on the first excitation), we 

finally obtain the intensity absorption of exciton 

as follows 

 
2

2

10 10
0

exp( ) Ex t cv

t

Ex qA p
I tt T

m
 . (19) 

2.3 The absorption intensity of exciton in the 

presence of a pump laser  

When the system is irradiated by a probe laser 

under the influence of a short pump laser with a 

frequency close to the difference between the two 

quantization energy levels of the electron, the 

excitons exist in the mixed state described by the 

wave function shown in Eq. (10). Therefore, the 

transition matrix element between the ground 

state and the mixed state ( , )mix r t  of the exciton 

is determined as follows 

 0ˆ( , )mix x
Ex

i tm niT r t H . (20) 

Substituting Eqs. (7) and (10) into Eq. (20) 

and applying the selection rule for optical 

transitions in the quantum dot structure, the 

absorption intensity expression in equation (20) 

can be rewritten as follows 

10 10

0
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* *
1 2
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                                    ( ) ( ) 0

1 t t
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m
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According to Eq. (15), the energy separation 

between two levels 10E  and 10E  is 2 R , so to 

be able to excite two excitons in 10 10,E E  pair 

simultaneously, the spectral width of the probe 

pulse must be greater than 2 R . Besides, the 

pulse duration of the probe laser must be shorter 

than the coherence time 2T  of the non-stationary 

state of the exciton (determinded in Eq. (10)) to 

keep this state being coherent. At any time 2t T , 

the absorption intensity of the exciton Ex
mixI t  is 

determined as follows 

   

2
2

0
2 2
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x
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(22) 

where 
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2
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,
2
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                    (23) 

In practice, however, the superposition 

states described in Eq. (10) decay over time. 

Therefore, in order to observe the damping of the 

absorption intensity Ex
mixI t  we can 

phenomenologically introduce the damped 

factors exp t  and exp t  with 11 /T  

and 21 /T , the absorption intensity of the 

exciton under the affection of a pump laser can be 

obtained as follows  

2
2 2
1 2

0

1 2                           2 cos 2

exp

exp

t cv
mix

t

R

Ex qA p
I t

m
t

t

t

.(24) 

3 The numerical results and 

discussion 

In this work, we investigate the quantum beat 

through the formula of the exciton absorption 

intensity in two cases: with and without the 

influence of a pump laser, which are determined 
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in Eqs. (19) and (24).  The numerical calculations 

are performed on a typical GaAs/AlAs disk-

shaped quantum dot with the corresponding 

material parameters given as follows: 

*
00.067em m  and *

00.51hm m  are the electron 

and hole effective masses, respectively; 1424gE

meV is the band-gap energy of the material, and 

0.1 meV  is the linewidth. 

As seen in Fig. 4, we start by examining the 

time-dependent exciton absorption intensity in a 

disk-shaped quantum dot with the dot radius 

Å50R  and the detuning 0  meV in 

both the presence and absence of a pump laser. 

This graph demonstrates that the exciton 

absorption intensity is a smooth curve (dashed 

line) that gradually diminishes to zero in the 

absence of the pump laser, demonstrating that the 

quantum beat is not created. On the other hand, 

when the system is exposed to a powerful 

resonant pump laser, the exciton absorption 

intensity grows as a periodic oscillation that 

decays with a constant frequency equal to twice 

the Rabi frequency (solid line). In other words, 

under the influence of a pump laser, the disk-

shaped quantum dot revealed the quantum beat 

of an exciton. 

Fig. 5. The absorption intensity of exciton in GaAs/AlAs 

disk-shaped quantum dot with radius 50R  Å in 

the absence of a pump laser (dashed line) and the 

presence of a pump laser with resonant detuning 

0  meV (solid line) 

Under the influence of a pump laser, the 

formation of quantum beats in the quantum dot is 

described as follows. Initially, in the absence of 

the pump laser, the system contained only two 

levels of electron, which correspond to four 

possible states according to the Pauli’s exclusion 

principle. When the system is then irradiated by a 

powerful pump laser, the two initial electron 

levels are combined to produce a uniform level. 

According to Pauli's exclusion principle, only two 

states are permitted on this uniform level. For the 

system's number of possible states to remain at 

four, each initial electron level must be 

subdivided into two sublevels, that is, level 
10

eE

splits into 10
eE

 
and 10

eE , while level 11
eE

 
splits 

into 11
eE

 
and 11

eE . Thus, two excitons with 

closed energies are generated when the system is 

exposed to an appropriate probe laser with a 

linewidth larger than 2 R , which is the energy 

difference between two split levels 10E  and 10E . 

In addition, because these two excitons are in 

phase, their interference will produce exciton 

quantum beats as expected. 

Next, we investigate the effect of the 

geometric parameters of the quantum dot and the 

pump laser field on the absorption intensity of the 

exciton to examine in depth the behavior of the 

quantum beat. Fig. 5 illustrates the effect of dot 

 

Fig. 4. The time-dependent absorption intensity of 

the exciton in the disk-shaped quantum dot under 

the action of a pump laser with the resonant 

detuning 0 meV corresponding to three 

different values of the radius: Å40R (solid line), 

Å50R  (dashed line)  and Å60R  (dotted 

line) 
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radius R on the time-dependent absorption 

intensity of exciton under the pump laser with 

detuning 0  meV. This figure 

demonstrates that the absorption intensity 

oscillates over time and that the radius of the 

quantum dot strongly influences its oscillating 

characteristics. This further verifies the existence 

of the exciton quantum beat in the disk-shaped 

quantum dot. In addition, the figure reveals that 

as the radius of the quantum dot increases, the 

period of the beat decreases while the amplitude 

of the beat increases. This implies that the 

quantum beat occurs quicker and with greater 

intensity as the dot radius increases. 

The reasons for these features are that with 

the increasing of R , the interval between the two 

quantization levels of the electron decreases, 

making them closer to each other. So under the 

action of the pump laser, these two levels are 

easily paired together to form a single level. 

Therefore, to satisfy the Pauli’s exclusion 

principle, the initial levels of electrons must be 

separated to new levels that are twice as many as 

the original ones. Then, when the system is 

irradiated by a suitable probe laser, we will 

observe the transitions from the hole level to the 

electron separation levels. Thus, excitons with 

close energy are rapidly created, causing the 

quantum beats to be formed quickly. 

Furthermore, the probe laser frequency is a 

decreased function of the quantum dot radius. 

According to Eq. (24), the absorption intensity of 

the exciton is inversely proportional to the probe 

laser frequency, so an increase in the dot radius 

leads to increment of the beat amplitude. In 

addition, according to Eq. (11), the Rabi frequency 

R  is proportional to the intraband transition 

matrix element 10V  between the two initial levels 

of the electron. On the other hand, according to 

Eq. (12), this matrix element increases with the dot 

radius. Therefore, as the dot radius increases, the 

Rabi frequency R  also increases, leading to an 

increment in the beat frequency or a decrement in 

the beat period because the beat frequency is 

twice the Rabi frequency. 

Next, we investigate the influence of the 

pump laser detuning on the time-dependent 

absorption intensity of the exciton in the quantum 

dot with 60R Å  shown in Fig. 6. From the 

figure, we can see that as the detuning increases, 

the oscillation amplitude decreases. It is clear that 

when the detuning increases, the two levels of 

electrons are more difficult to pair, leading to a 

decrease in the splitting ability of the electron 

levels as well as the formation of two close-energy 

excitons. It will reduce the probability of quantum 

beat formation and ultimately reduce the 

amplitude of the beat. 

To elucidate the characteristics of the beat 

period, we investigated the effect of the radius of 

the quantum dot on the beat period for various 

detuning values (Fig. 7). As both the detuning and 

 

Fig. 6. The time-dependent absorption intensity of 

the exciton in a disk-shaped quantum dot with 

different detunings 0 meV (solid line), 

0.5 meV (dashed line) và 0.7 meV 

(dotted line) and the radius 60R Å  

 

Fig. 7. The dependence of the quantum beat period 

on the quantum dot radius and the pump laser 

detuning 
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the radius of the quantum dot increase, the beat 

period decreases (or beat frequency increases). As 

the radius of the quantum dot increases, the 

beat period in all three instances tends to 

approach the same value. 

4 Conclusion 

In this study, we used the renormalized 

wavefunction approach to examine the properties 

of the exciton quantum beat in a GaAs/AlAs disk-

shaped quantum dot covered by an infinite 

potential. The numerical studies have showed 

that, in the presence of a resonant pump laser, the 

time-dependent exciton absorption intensity takes 

the shape of a damped oscillation with a 

frequency equal to twice the electron Rabi 

frequency. This demonstrates the presence of the 

exciton quantum beat in the disk-shaped 

quantum dot. Additionally, the quantum beat 

forms more quickly and with a higher oscillation 

frequency as the dot radius increases. On the 

other hand, as resonant detuning increases, the 

amplitude and period of the quantum beat tend to 

decrease. Last but not least, we expect that the 

data can help future experimental research on the 

quantum beat of excitons. 
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