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Abstract. In [1], H.T.O. Trieu, L.Q. Tuyen and O.V. Tuyen proved that a space X is countable if and only if PR[X]

is strongly star-Lindelöf. In this paper, we study the extension of cellular-compact, cellular-Lindelöf, strongly

star-Hurewicz, strongly star-Rothberger, strongly star-Menger spaces on hyperspaces with the Pixley-Roy topology.

For a space X and n ∈ N, we prove that

(a) If PR[X] or PRn[X] is cellular-compact, then X is cellular-compact. However, there exists a compact space X

such that |X| = ω, but PRn[X] for all n ∈ N and PR[X] are not cellular-compact spaces.

(b) If PR[X] or PRn[X] is cellular-Lindelöf, then X is cellular-Lindelöf.

(c) X is countable if and only if PR[X] is a strongly star-Hurewicz space, if and only if PR[X] is a strongly

star-Rothberger space if and only if PR[X] is a strongly star-Menger space.

Keywords: Hyperspace, Pixley-Roy topology, cellular-compact, cellular-Lindelöf, strongly star-Hurewicz, 

strongly star-Rothberger, strongly star-Menger

1 Introduction and preliminaries

The topological and generalized metric properties on

Pixley–Roy hyperspaces have been studied by many au-

thors from different points of view. Specifically, they

studied the relation between a space X satisfying such

a property and its Pixley-Roy hyperspaces PR[X] and

PRn[X] satisfying the same property [1, 2, 3, 4, 5, 6, 7]. Li

Z. demonstrated important results concerning selection

principles, such as quasi-Hurewicz, quasi-Rothberger,

quasi-Menger (see [2]), and Hurewicz separability (see

[3]), within the framework of the Pixley-Roy hyperspace

PR[X]. In [1], H.T.O. Trieu, L.Q. Tuyen and O.V. Tuyen

proved that a space X is countable if and only if PR[X]

is strongly star-Lindelöf.

Recently, the new generalized metric properties,

such as cellular-compact, cellular-Lindelöf, strongly star-

Hurewicz, strongly star-Rothberger, and strongly star-

Menger spaces, are introduced in [8, 9, 10]. These proper-

ties generalize classical notions and offer deeper insights

into hyperspace topology. Studying these in the Pixley-

Roy setting is motivated by their applications to function

spaces, selection principles, and covering properties, as

well as their ability to illuminate how such properties

transfer between a space X and its hyperspaces. In this

paper, we study them on hyperspaces with the Pixley-

Roy topology. For a space X and n ∈ N, we prove

that

(a) If PR[X] or PRn[X] is cellular-compact, then X is

cellular-compact. However, there exists a compact
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space X such that |X| = ω, but PRn[X] for all

n ∈ N and PR[X] are not cellular-compact spaces.

(b) If PR[X] or PRn[X] is cellular-Lindelöf, then X is

cellular-Lindelöf.

And, the following statements are equivalent:

(a) X is countable.

(b) PR[X] is a strongly star-Hurewicz space.

(c) PR[X] is a strongly star-Rothberger space.

(d) PR[X] is a strongly star-Menger space.

Throughout this paper, all spaces are assumed

to be Hausdorff and N denotes the set of all positive

integers with the first infinite ordinal denoted by ω.

Moreover, if P is a family of subsets of a space X and

A ⊂ X, denote

St(A,P) =
⋃{P ∈ P : P ∩ A ̸= ∅};⋃P =

⋃{P : P ∈ P}.

The set PR[X] is the set of all non-empty finite

subsets of a space X. For each F ∈ PR[X] and A ⊂ X,

denote

[F, A] = {H ∈ PR[X] : F ⊂ H ⊂ A}.

The Pixley-Roy hyperspace PR[X] over a space X

is defined by C. Pixley and P. Roy in [11], with the

topology generated by the sets of the form [F, V], where

F ∈ PR[X] and V is an open subset in X containing F.

For any space X, PR[X] is zero-dimensional, completely

regular and hereditarily metacompact (see [12]).

For each n ∈ N, let

PRn[X] = {F ∈ PR[X] : |F| ≤ n}.

Then,

PR[X] =
∞⋃

n=1

PRn[X]

and PRn[X] ⊂ PRn+1[X] for each n ∈ N.

Remark 1.1. Let X be a space and n ∈ N.

(a) PRn[X] is a closed subspace of PR[X] and in partic-

ular, PR1[X] is a closed discrete subspace of PR[X]

[13].

(b) Every PRm[X] is a closed subspace of PRn[X] for

each m, n ∈ N, m < n [5].

Definition 1.2. Let X be a space.

(a) X is Lindelöf [14], if for any open cover of X, there

exists a countable subcover.

(b) X is cellular-Lindelöf [8], if for any disjoint fam-

ily U of non-empty open sets, there is a Lindelöf

subspace L such that L ∩ U ̸= ∅ for each U ∈ U .

(c) X is cellular-compact [9], if for any disjoint fam-

ily U of non-empty open sets, there is a compact

subspace K such that K ∩ U ̸= ∅ for each U ∈ U .

(d) X is strongly star-Hurewicz [10], if for each sequence

{Un : n ∈ ω} of open covers of X, there exists a

sequence {Fn : n ∈ ω} of finite subsets of X such

that for each x ∈ X, x ∈ St(Fn,Un) for all but

finitely many n.

(e) X is strongly star-Menger [10], if for each sequence

{Un : n ∈ ω} of open covers of X, there exists a

sequence {Fn : n ∈ ω} of finite subsets of X such

that

{St(Fn,Un) : n ∈ ω}

is an open cover of X.

(f) X is strongly star-Rothberger [10], if for each se-

quence {Un : n ∈ ω} of open covers of X, there

exists a sequence

{xn : n ∈ ω}

of elements of X such that

{St(xn,Un) : n ∈ ω}

is an open cover of X.

Remark 1.3. (a) Compact ⇒ cellular-compact ⇒
cellular-Lindelöf.
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(b) Compact ⇒ Lindelöf ⇒ cellular-Lindelöf.

(c) Strongly star-Hurewicz ⇒ strongly star-Menger

(d) Strongly star-Rothberger ⇒ strongly star-Menger

2 Main result

Lemma 2.1 ([5], Lemma 2). Let X be a space. If C is a

compact subset of PR[X], then
⋃ C is a compact subset of X.

Theorem 2.2. Let X be a space and n ∈ N. If PR[X] or

PRn[X] is cellular-compact, then X is cellular-compact.

Proof. Let PR[X] be cellular-compact and U be a disjoint

family of non-empty open sets in X. For each U ∈ U ,

take x ∈ U and put

U =
{
[{x}, U] : U ∈ U

}
.

Then, U is a disjoint family of non-empty open sets in

PR[X]. Since PR[X] is cellular-compact, there exists a

compact subspace K of PR[X] such that

K ∩ [{x}, U] ̸= ∅

for each U ∈ U . Thus, for each U ∈ U , there exists

F ∈ K such that

{x} ⊂ F ⊂ U.

This implies that (⋃K
)
∩ U ̸= ∅

for each U ∈ U . Moreover,
⋃K is compact in X by

Lemma 2.1. Therefore, X is cellular-compact.

Similar to the above proof, we claim that for each

n ∈ N, if PRn[X] is cellular-compact, then X is cellular-

compact.

Example 2.3. There exists a compact space X such that

|X| = ω, but PRn[X] for all n ∈ N and PR[X] are not

cellular-compact spaces.

Proof. Assume that

X = {x0} ∪ {xk : k ∈ N},

where every xk and x0 are different from each other. The

set X endowed with the following topology: each xk is

isolated; a basic neighborhood of x0 has the form

{x0} ∪ {xk : k ≥ m}

for some m ∈ N.

(1) It is obvious that X is compact.

(2) PR[X] is not cellular-compact. In fact, let

U =
{
[{xk}, {xk}] : k ∈ N

}
.

Then, U is a disjoint family of non-empty open sets in

PR[X]. We prove that for each K compact in PR[X], there

exists k ∈ N such that

K ∩ [{xk}, {xk}] = ∅.

Otherwise, assume that there exists K compact in PR[X]

such that for each k ∈ N, we have

K ∩ [{xk}, {xk}] ̸= ∅.

Then, {xk} ∈ K. We put

K1 = K \ {{xk} : k ∈ N}.

Thus,

V = U∪ {[F, X] : F ∈ K1}

is an open cover of K in PR[X]. Since for each F ∈ K1,

or F = {x0} or |F| ≥ 2, we claim that

{xk} /∈ [F, X]

for each k ∈ N and for each F ∈ K1. This implies that

V does not have any finite subcover of K, which is a

contradiction.

(3) PRn[X] is not cellular-compact for all n ∈ N.

In fact, let

U =
{
[{xk}, {xk}] : k ∈ N

}
.

Then, U is a disjoint family of non-empty open sets in

PRn[X]. We prove that for each K compact in PRn[X],

there exists k ∈ N such that

K ∩ [{xk}, {xk}] = ∅.
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Otherwise, assume that there exists K compact in PRn[X]

such that for each k ∈ N, we have

K ∩ [{xk}, {xk}] ̸= ∅.

Then, {xk} ∈ K. We put

K1 = K \ {{xk} : k ∈ N}.

Thus,

V = U∪
{
[F, X] ∩ PRn[X] : F ∈ K1

}
is an open cover of K in PRn[X]. Since for each F ∈ K1,

or F = {x0} or

2 ≤ |F| ≤ n,

we claim that

{xk} /∈ [F, X] ∩ PRn[X]

for each k ∈ N and for each F ∈ K1. This implies that

V does not have any finite subcover of K, which is a

contradiction.

Lemma 2.4. Let X be a space. If L is a Lindelöf subset of

PR[X], then
⋃L is a Lindelöf subset of X.

Proof. Let U be an open cover of
⋃L in X. Then, for

each F ∈ L, we have

F ⊂ ⋃L ⊂ ⋃U .

Thus, for each x ∈ F, there exists Ux ∈ U such that

x ∈ Ux. Since F ∈ [F,
⋃

x∈F Ux] for each F ∈ L, we claim

that

U =
{
[F,

⋃
x∈F Ux] : F ∈ L

}
is an open cover of L in PR[X]. On the other hand, since

L is Lindelöf, there exists a countable subfamily V of

U such that L ⊂ ⋃
V. This implies that there exists

{Fi : i ∈ N} ⊂ L such that

V =
{
[Fi,

⋃
x∈Fi

Ux] : i ∈ N
}

.

Put

V =
{

Ux : x ∈ Fi, i ∈ N
}

.

Because each set Fi is finite, V is a countable subfamily

of U . Hence, we only need to prove that

⋃L ⊂ ⋃ V .

Take any point z ∈ ⋃L, then z ∈ A for some A ∈ L.

This implies that there exists i ∈ N such that

A ∈ [Fi,
⋃

x∈Fi
Ux],

hence A ⊂ ⋃
x∈Fi

Ux. Therefore,

z ∈ Ux ⊂ ⋃ V

for some x ∈ Fi.

Theorem 2.5. Let X be a space and n ∈ N. If PR[X] or

PRn[X] is cellular-Lindelöf, then X is cellular-Lindelöf.

Proof. Let PR[X] be cellular-Lindelöf and U be a disjoint

family of non-empty open sets in X. For each U ∈ U ,

take x ∈ U and put

U =
{
[{x}, U] : U ∈ U

}
.

Then, U is a disjoint family of non-empty open sets in

PR[X]. Since PR[X] is cellular-Lindelöf, there exists a

Lindelöf subspace L of PR[X] such that

L ∩ [{x}, U] ̸= ∅

for each U ∈ U . Thus, for each U ∈ U , there exists

F ∈ L such that

{x} ⊂ F ⊂ U.

This implies that (⋃L
)
∩ U ̸= ∅

for each U ∈ U . Moreover,
⋃L is Lindelöf in X by

Lemma 2.4. Therefore, X is cellular-Lindelöf.

Similar to the above proof, we claim that for each

n ∈ N, if PRn[X] is cellular-Lindelöf, then X is cellular-

Lindelöf.

For a space X, it follows from Remark 1.1(1)

and[15, Theorem 3.1] that PR1[X] is not cellular-Lindelöf

if PR1[X] is uncountable. On the other hand, X is count-

able if and only if PR1[X] is countable. Therefore, we

obtain the following corollary.
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Corollary 2.6. Let X be a space. Then, X is countable if and

only if PR1[X] is cellular-Lindelöf.

Question 2.1. If X is cellular-Lindelöf, then are PR[X] and

PRn[X] for some n ∈ N cellular-Lindelöf?

Question 2.2. Is Theorem 2.5 still true if the hyperspace

with the Pixley-Roy topology is replaced by the hyperspace

equipped with either the Vietoris topology or the Fell topology?

Theorem 2.7. Let X be a space. Then, the following state-

ments are equivalent:

(a) X is countable.

(b) PR[X] is a strongly star-Hurewicz space.

(c) PR[X] is a strongly star-Rothberger space.

(d) PR[X] is a strongly star-Menger space.

Proof. (a) ⇒ (b). Assume that X is countable and

{Un : n ∈ ω}

is a sequence of open covers of PR[X]. Because X is

countable, PR[X] is countable. We put

PR[X] = {Fn : n ∈ ω},

and for every n ∈ ω, we put

An = {F0, F1, . . . , Fn}.

Then,

{An : n ∈ ω}

is a sequence of finite subsets of PR[X]. Furthermore, for

each F ∈ PR[X], we have

|{n ∈ ω : F /∈ St(An,Un)}| < ω.

Indeed, let F ∈ PR[X], then there exists m ∈ ω such that

F = Fm.

For every n ≥ m, because Fm ∈ An, it implies that

F = Fm ∈ St(An,Un).

Thus,

|{n ∈ ω : H /∈ St(An,Un)}| ≤ m < ω.

Therefore, PR[X] is a strongly star-Hurewicz space.

(b) ⇒ (d). Let PR[X] be a strongly star-Hurewicz

space and

{Un : n ∈ ω}

is a sequence of open covers of PR[X]. Since PR[X] is a

strongly star-Hurewicz space, there exists a sequence

{An : n ∈ ω}

of finite subsets of PR[X] such that for each F ∈ PR[X],

we have

|{n ∈ ω : F /∈ St(An,Un)}| < ω.

Then,

{St(An,Un) : n ∈ ω}

is an open cover of PR[X]. Therefore, PR[X] is a strongly

star-Menger space.

(a) ⇒ (c). Let X be countable and

{Un : n ∈ ω}

be a sequence of open covers of PR[X]. Since X is count-

able, PR[X] is countable. Denote

PR[X] = {Fn : n ∈ ω}.

Then,

{St(Fn,Un) : n ∈ ω}

is an open cover of PR[X]. In fact, let E ∈ PR[X], then

there exists nE ∈ ω such that

E = FnE .

Since UnE is an open cover of PR[X], there exists UnE such

that E ∈ UnE . Thus,

E ∈ St(FnE ,UnE).

Hence, PR[X] is a strongly star-Rothberger space.

(c) ⇒ (d). Let PR[X] be a strongly star-Rothberger

space and

{Un : n ∈ ω}
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is an open of PR[X]. Now, we will prove that X is count-

able. In fact, let x ∈ X, then

{x} ∈ PR[X].

Thus, there exists nx ∈ ω such that

{x} ∈ St(Anx ,Unx ).

This implies that there exists Unx ∈ Unx such that

{x} ∈ Unx and Unx ∩Anx = ∅.

Since Unx ∈ Unx , we have

Unx = [{x}, X],

so that

[{x}, X] ∩Anx = ∅.

Hence, there exists Fnx ∈ Anx such that

F ∈ [{x}, X],

it implies that {x} ⊂ F. On the other hand, we have

X =
⋃

x∈X
{x} ⊂

⋃
x∈X

Fnx

⊂
⋃

x∈X

(⋃
Anx

)
⊂

⋃
n∈ω

(⋃
An

)
.

Because
⋃

n∈ω (
⋃An) is countable, X is countable.

be a sequence of open covers of PR[X]. Because PR[X] is
a strongly star-Rothberger space, there exists a sequence

{Fn : n ∈ ω}

of elements of PR[X] such that

{St(Fn, Un) : n ∈ ω}

is an open cover of PR[X]. For each n ∈ ω, we put

An = {Fn}.

Then, {An : n ∈ ω} is a sequence of finite s ubsets of

PR[X] and

{St(An, Un) : n ∈ ω}

is an open cover of PR[X]. Therefore, PR[X] is a strongly

star-Menger space.
(d) ⇒ (a). Let PR[X] be a strongly star-Menger

space. For each n ∈ ω, we put

Un = {[{x}, X] : x ∈ X}.

Then, {Un : n ∈ ω} is a sequence of open covers of

PR[X]. Because PR[X] is a strongly star-Menger space,

there exists a sequence

{An : n ∈ ω}

of finite subsets of PR[X] such that

{St(An, Un) : n ∈ ω}
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