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Tém tit. Trong bai bdo nay ching tdi nghién ctru cach tiép can mot s§ véan dé vé t& hop ctia
toan tir bao déng bang mo hinh siéu d6 thi. Chiing t6i dua ra biéu dién tat ca khoa t5i thidu
cuia toan tt bao déng qua siéu do thi transversal. St dung siéu db thi, ching t6i thiét lap moi
quan hé gitta phan khoa va khoa t6i thi€u cta toan ti bao déng.
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Closure operations by hypergraph approach
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Abstract. In this paper, we study how to approach some combinatorial problems of closure
operations using a hypergraph. We prove that all minimal keys of the closure operations can
be represented with the transversal hypergraph of a family. We establish the relationship
between anti keys and minimal keys of the closure operations in the hypergraph.
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1  Mé dau

Toan ti bao déng xuét hién kha 1au trong toan hoc. Tuy nhién, khoang hon 30 nam tré lai
day, toan tit bao déng bét dau duwoc ting dung nhiéu vao trong cac nganh ctia khoa hoc méy tinh,
ddac biét 1a cac linh vuc lién quan vé dit liéu nhu co s6 dit liéu, cac hé suy dién va khai pha dix
liéu [4, 5, 10, 13]. Bén canh d¢, toan tir bao déng cling duoc phat trién trong nhiéu ly thuyét ctia
toan hoc, khoa hoc may tinh thoi sw nhw siéu d6 thi, matroid, tap tho, tap mo, tri tué nhan tao va
ly thuyét quyét dinh [1-3, 8-15].

Trong nhiing van dé nghién cttu vé toan tir bao dong thi nhitng bai toan lién quan dén cau

tric t6 hop nhu tap dong, khoa va phan khoa, hé sinh va nita dan giao dwgc cac nha nghién ctru
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quan tam phat trién. Tuy nhién, phan 16n cac bai toan vé td hop nay rat kho; do phtec tap cta cac
bai todn nay thuong c& NP day du trd 1én.

Trong bai bdo nay, ching t6i nghién cttu mét s6 van dé vé to hop cta toan tir bao dong
bang mo hinh siéu d6 thi. Day la cong cu todn hoc chuyén giai quyét cac van dé vé t6 hop rat
hiéu qua va duoc cac nha nghién ctru sit dung nhiéu trong thoi gian gan day [1, 6, 7, 12]. Cu thé,
bai bdo quy dan duoc bai todn x4c dinh tat ca khoa t6i thidu ctia todn tir bao déng vé bai toan tinh
siéu d0 thi transvesal cia mot ho. Sau d6 thiét lap mdi quan hé gitta phan khoa va khoa t6i thiéu
cua cac toan tir bao déng theo siéu d6 thi. Cach tiép can nay mo ra hudng nghién ctru vé toan twe
bao déng bang md hinh siéu do thi.

Véi muc dich nhw vay, cau tric bai bao chia lam ndm phéan. Sau phan mo dau, phan thi 2
trinh bay toan t* bao déng, ntra dan giao, siéu d6 thi va mot sd két qua co so. Phan tha 3 gidi
thiéu bai toan vé khoa t8i thidu cta toan tir bao déng. Trong phan nay, ching toi biéu dién cac
khéa ti tiéu ctia todn tit bao dong bang siéu do thi transversal. Chiing tdi chiing minh rang tat
ca khoa t6i thi€u caa toan ti bao déng déu sinh ra tir siéu do thi transversal cia mét ho. Trong
phén 4, ching t6i dé cap dén phan khda cua toan tir bao déng va thiét 1dp mdi quan hé gitta phan
khda va khoa t6i thi€u cua toan tir bao dong qua siéu do thi. Phan cudi cing cua bai bao 1a két

luan.
2 Cac khai niém co so¢
Xét U 1a mot tap hitu han khéc rong bat ky. Ky hiéu P(U) la tap liy thita ctia U . Anh xa
f:PU)— PU) thda cac diéu kién sau:
(i) Xcf(X)
(i) XY= fX)< f(Y)

(iii) f(f(X)=f(X)

véimoi X, Y cU, duoc goi 1a mot todn tir bao dong (TTBD) trén U . Ky hiéu CI(U) la tap tat ca
cac TTBD trén U .

Tap X cU duoc goi la déng cua f e CI(U) néu f(X)=X . Tap tat ca cac tap dong caa f
ky hiéu la Closed(f).

Ho M c P(U) dwgc goi la nita dan giao trén U néu cac diéu kién sau la dung:

i) UeM
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(i) VAcPU),TAcM=NAeM.

RO rang Closed(f) 1a mot nita dan giao. Co thé thdy [5] néu M la mét nira dan giao thi
anh xa f,, xac dinh theo
fuX)=N{YeM: XY}
la mot TTBD. Nguoclai, néu f e CI(U) thi ton tai duy nhat mét nira dan giao M trén U sao cho
f=fu, voi
M={XcU: f(X)=X}.

Motho H={E, :E e P(U),i=1,2,...,m} dugc goila siéu do thi trén U néu E, # @ v6i moi
i. Khi d6, mbi phan tt aeU duoc goi la mot dinh va moi tap E, duoc goi la mot siéu canh hay
canh cia H. Luu y rang mot s8 tac gia, chang han [1], yéu cau tap cac siéu canh ciing nhu mdi
siéu canh phai khéc réng va hop tat ca cac siéu canh phai bang tap dinh. Trong bai bao nay, ching
toi khong yéu cau nhu vay. Ky hiéu HG(U) la tap tat ca siéu d6 thi trén U . Mot siéu d6 thi
duoc goi la don néu véi moi E,, E eH,E cE =E =E . Tap tat ca siéu d6 thi don trén U duoc
ky hiéu la SG(U).

Mot tap T<U duoc goi la mot transversal cia H e HG(U) néu voi moi EeH ta ¢d
TNE=@. Ky hiéu Trs(H) la tap tat ca cc transversal cua H. Mot transversal T e Trs(H) dwgc
goi la t6i thiéu néu khong ton tai mot tap con thatsw T' cta T sao cho T' e Trs(H). Tap tat ca cac
transversal t0i tiéu cua ‘H con dwogc goi siéu do thi transversal cia H, va ky hiéu la Tr(H). Nhu
vay, c6 thé thay Tr(H) e SH(U).

Siéu do thi transversal cé cac tinh chét co ban sau day.

Ménh deé 2.1. [1] Cho H,, H, e SH(U) . Ta c6
(1) H,=Tr(H,)H, =Tr(H,).
2) Tr(H)=Tr(H,)=H, =H,.
3) Tr(Tr(H,)) =H,.
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Siéu d0 thi transversal c6 rat nhiéu ting dung trong nhiéu linh viee cia khoa hoc may tinh.

Thuét toan t6 hop tim siéu d6 thi transversal rat hiéu qua da dwoc dé xuat nhu sau.
Thuat toan 2.1. [6] (Tim siéu do6 thi transversal)
Pauvao: H={EE,,...E,} e HGU) véi U={a,,...,a,}
Dau ra: Tr(H).
Phuong phap:
Buéc 1. Dit £, ={{a}:acE}.
Budck+1 (k<m).Gid st
£,=8{B,...B, |
voi BNE, =D, i=1,...t vaS ={AecL, :AnE_, =D}
Véimdii (i=1,...,t,) sinhra tap {Bl. vaae EM} va ky hiéu la A{,...,Aj) .Dbat
L, =S U{A:AeS = Az A l<i<t, 1<I<r|

Buéc m + 1. Dt Tr(H) =L, .

Thuat toan 2.1 ¢6 d6 phtic tap thoi gian la ham m theo n. Tuy nhién, trong nhiéu truong
hop, 0 phtic tap thoi gian chila O(n’*m | Tr(H) *) . Do d6, khi m nho thi thuat todn rat hiéu qua.

Trong cac van dé t6 hgp caa nhiéu linh vuc trong khoa hoc mdy tinh c6 thé tiép can duoc

bang siéu d6 thi thi thuat todn nay thuong duoc st dung véi tinh hiéu qua cao.

3  Khoa t6i thi€u ctia toan tit bao dong

Xét TTBD f e Cl(U). Mot tap con KU duoc goi la khoa cia f néu f(K)=U. Truong
hopnéuvéimoi aeK tacd f(K—a)=U1thi K dwgc goila khda tdi thiéu cua f . Ky hiéu Key(f)

la tap tat ca khoa toi thiéu ctia f .

LKy hi¢u X—a,X-Y,XUa tuong img lan lugt thay cho X \{a},X\Y,X U{a} véimei X,Y cU;ael.
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Khoa t6i thi€u la khai niém quan trong va cé nhiéu ting dung ctia TTBD. Bai toan xac dinh
tap Key(f) duoc biét c6 do phirc tap thoi gian 1a ham mi theo s phan tie ctia U [14, 15]. Suy ra,
day la bai toan curc kho trong TTBD.

Co thé thay Key(f)eSH(U) . Do d¢6, trong muc nay, c6 thé st dung siéu do thi d€ mo ta
tap Key(f) . Ddc biét, c6 thé van dung Thuat toan 2.1 d€ sinh ra tat ca khoa toi thiéu cia TTBD
mot cach hiéu qua.

Xét TTBD feCl(U) va X cU. Pit C(X)=U~ f(X) va C(f) ={C(X): X cU}. Ménh d&
sau la r0 rang
Ménh dé 3.1.

(1) DeC(f).
(2) X la mft khoa ctia f néu va chi néu C(X)=.

Bay gio, dat:

Min(f)={Y €C(f): Y #@B,(VZeC(f) =Y  Z)}.

C6 thé thdy ngay Min(f) e SH(U) va s6 phan tr cia Min(f) la kha nho. Can chiing minh
tap Key(f) c6 thé biéu dién qua siéu do thi transversal ctia ho Min(f).

Co6 thé bat dau véi cac bd dé sau.

B& dé 3.1. Véimoi & =Y e C(f) thi U-Y khong phdi la mot khoa ciia f .

Chirng minh. Xéttap J=Y =C(X) e C(f).Giastr f(U-Y)=U.Theo dinh nghia cia C(X)
va tinh chét cia TTBD thi

fX)=f(f(X)=U
hay
U-Y=U-C(X)=f(X)=U.
Suy ra Y =&. Mau thuan véi gia thiét. [/
BS de 3.2. f(X)=UoU—X eTrs(Key(f)).

Chitng minh. Gia st U —X ¢ Trs(Key(f)) . Suy ra, ton tai mot khoa t6i thi€u K e Key(f) sao
cho (U-X)NK=@.Do d6, K< X hay X lamotkhoa ctia f.Diéu nay mau thuan véi gia thiét.
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Nguoc lai, gia st X 1a mot khoa cta f. Suy ra, ton tai mot K € Key(f) sao cho K< X .
Diéu nay c6 nghia KNn(U-X)=@ hay U-X ¢ Trs(Key(f)). Mau thuan véi gia thiét U—X la
mot transversal ctia Key(f) . [

Luc nay, thu dugc két qua sau.

Pinh 1y 3.2. Vi moi f e Cl(U), ta cé

Tr(Key(f)) = Min(f) .

Chitng minh. Gia st T la mot transversal t6i thiéu cua Key(f) . Theo B dé 3.2,
f(U-T)#U.Luuyrang T = . R rang, néu U~T < f(U~-T) thi véi moi K e Key(f), ta c6

U-fU-T)NK=D.
Diéu nay mau thuan véi gia thiét. Do &6 U—T e Closed(f) . Khi d¢,
CU-T)=U-fU-T)=T.

Suy ra, T € C(f) . Bay gio, gia stt ton tai mot tap & # S e C(f) sao cho S<T. Theo Bo dé
3.1, f(U-S)#U. Va do d¢, theo BS dé 3.2, Se Trs(Key(f)). Diéu nay mau thuan véi gia thiét
T e Trs(Key(f)) . Nhu vay, T € Min(f).

Nguoc lai, gia st Y € Min(f).Ro rang, Y = . Theo B6 dé 3.1, f(U-Y)=U. Diéu nay c6
nghia rang véi moi K € Key(f), Y NK =@ . Nhu vay, Y e Trs(Key(f)) . Bay gio, gia st ton tai mot
Z e Tr(Key(f)) sao cho Zc Y. Lap luén twong tw nhu trén, ta cing thu duoc Z € Min(f). Diéu
nay mau thuan véi tinh chat siéu d6 thi don ctia Min(f). Do d6, Y e Tr(Key(f)). [

Hé qua sau thu dugc ngay tir Dinh ly 3.2 va Ménh dé 2.1.

Hé qua 3.1. Vi moi f eCl(U), tacé

Key(f) = Tr(Min(f))

Nhu vay, tap tat ca khda t8i thiéu ciia TTBD f c6 thé biéu dién qua siéu db thi transversal
cta ho Max(f). Diéu nay c6 nghia la ¢6 thé€ dung mo hinh siéu d6 thi dé€ tiép can cac van dé to

hop cta TTBD, déc biét la khoa t6i thiéu va cac tap dong.
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4  Phan khoéa cta toan ttt bao dong

Xét TTBD f eCl(U). Tap con K™ cU dwoc goi 1a phdn khda ctia f néu K thoa man céac
diéu kién sau:
(i) f(KH=U
(i) VaeU-K", f(K'ua)=U.
Ky hiéu Antikey(f) la tap tat ca phan khoa ctia f . RO rang, cac phan khoa chinh 1a cac tap
16n nhat khong phai khoa. Moi quan hé gitra cac khoa tdi thiéu va phan khoa trén TTBD 1a [13]
NKey(f) =U-NAntikey(f).

Biéu dién trén cho thay su quan trong ctia cdc phan khéa. C6 thé xac dinh cac khda t5i
thiéu qua cac phan khoa. Ngoai ra, cac phan khoéa cé vai tro thiét yéu trong cac bai toan té hop
extremal ctia TTBD [3, 6]. Twong tw nhu khoa t6i ti€u, bai toan xac dinh tap Antikey(f) c6 do
phtic tap thoi gian 1a ham m theo s6 phan tie cta f [14, 15]. Do d6, day ciing la bai toan cwc kho
trong TTBD.

RO rang, Antikey(f)e SH(U). Do d6, theo dinh nghia ctia phan khoéa va ho Min(f), ta co:
Antikey(f) = Min(f) .
O day, Min(f) 1a ky hiéu ho b1 ctia ho Min(f) . Tir day, Ménh d@ 2.1 va Hé qua 3.1 c6 thé
dan t6i m&i quan hé sau gitta khoa t5i thi€u va phan khéa cua TTBD theo siéu d6 thi.
Ménh dé 4.1. Vi moi f e CI(U), ta cé
Antikey(f) =Tr(Key(f)) .
Vi du 4.1. Xét cac TTBD co ban sau:
(1) Anh xa t61 dai m:PU) — P(U) xac dinh boi m(X)=U véimoi XcU.
Ta c6 C(m)={@}, Min(m)=2 va Tr(Min(m))={@}. Vay, Key(m)={D} va
Antikey(m) =D .
(2) Anh xg dong nhat i: P(U) — P(U) chobéi i(X)=X véimoi XcU.
Taco Ci)={U-X:XcU}=PU), Min(i)= {{a} ‘ae u} , Tr(Min(i)) ={U}. Do d9,
Key(i)={U} va Antikey(i)={U—-a:ael}.
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(3) Anh xq tinh tiéh t,,: P(U) - P(U) xac dinh boi t,(X)=XUM véi M la tap con cho
truée ctia U va XcU. Ta c6 C(t,)={U-M-X:XcU}, Min(t,)={{a}:acl-M}
va Tr(Min(t,,)) = {U-M} : Nhu vay, Key(t,,) = {U—M} va
Antikey(i)={U-a:acU—-M}.

Vidu4.2. Xétanh xa f, :P(U)—> PU) véi acl va

ﬂ(X)Z{U’ neuae X

X, nguoclai.

Dé kiém chiing duoc f, e CI(U) . Khi d6
C(H ={U-f,(X): X cU}
va do d6
Min(f) ={{a}.
Tr(Min(f)) = {{a}} .

Nhu vay, Key(f)={{a}} va Antikey(f)={U-a}.

5  Kétluan

Str dung m6 hinh siéu d6 thi, chiing t6i dua ra dwoc bidu dién tat ca khéa toi thiéu ctia toan
tr bao dong qua siéu d0 thi transversal cia mot ho. Sau d6 thiét 1ap moi quan hé gitta phan khoa
va khoa t6i thiéu ctia toan tit bao déng bang siéu d6 thi. Diéu nay mo ra huédng tiép can bang siéu
do6 thi cho cac van dé to hop trén toan ti bao dong. Dac biét, c6 thé st dung Thuat toan 2.1 d€
tinh cac cau trac t6 hop cta toan tit bao dong mot cach hitru hiéu, ciing nhue ttng dung vao trong

mot sO bai toan ctia hé thong thong tin, chéng han nhw rat gon thudc tinh [9].
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